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Abstract 
Cameron, P.J., Covers of graphs and EGQs, Discrete Mathematics 97 (1991) 83-92. 
The puposes of this paper is the construction of some new extended generalized quadrangles, 
as covers of known esamples. The construction requires the vanishing of cohomology of certain 
simplicial complexes. One of the constructions generalizes to give some distance-regular 
antipodal covers of complete graphs, some of which also appear to be new. 
1. Introduction 
In this paper, I construct some examples of uniform extended generalized 
quadrangles. (Definitions will be given shortly.) These will be covers of known 
examples described in [4] and [5]. I have written it to be more-or-less 
independent of the survey [5], but the reader is referred to that paper for the 
background and motivation, as well as many further examples. In some cases, the 
point graphs of these EGQs are distance-regular; I give a construction of distance 
regular antipodal covers of complete graphs which includes all these, as well as 
some previously known examples. 
The notion of cover defined here is not original, but uses ideas of cohomology 
rather than the more difficult homotopy. (See Ronan [ll] for the latter.) For 
similar notions, see White [15]. 
A geometry, here, is simply an incidence structure of points and blocks. Its 
point graph is the graph whose vertices are the points, two vertices adjacent if 
and only if some block is incident with both. The residue at the point P has as 
points and blocks the points adjacent to P and blocks incident with P, 
respectively, incidence being as in the original geometry. An extended generalized 
quadrangle (EGQ) is connected geometry all of whose point residues are 
generalized quadrangles. Equivalently, it is a Buekenhout geometry with diagram 
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without repeated lines. All the residues of a GQ must have the same order (s, t), 
and we speak of an EGQ(s, t) 
An EGQ is uniform if there is a constant o such that for every point P and 
block x, if P is not incident with X, then P is adjacent to 0 or LY points of x; it is 
strongly uniform if the value 0 never occurs. Note that IX must be even. The point 
graphs of uniform EGQs with cr = 2 are precisely those connected graphs in 
which the induced subgraph on the neighbours of any vertex is the point graph of 
a GQ. These include the locally square grid graphs of Hall [7] and Blokhuis and 
Brouwer [2]. 
For more details, see [5]. 
2. Cohomology 
Let r be a connected graph. We regard r as the l-skeleton of a 3-dimensional 
simplical complex K whose 2- and 3-simplexes are the complete subgraphs on 3 
and 4 vertices respectively. Recall that, for d > 0, a d-simplex comes with an 
orientation, an orbit under even permutations of an ordering of its vertices. Let A 
be an abelian group. A d-cochain is a function c from d-simplexes to A which is 
alternating (i.e. changing the orientation negates the function value). Let Cd be 
the Abelian group of d-chains. For d-chains. For d = 1, 2, 3, let ad be the 
coboundary operator, the map from Cd to Cd-’ defined by 
blc(P, Q) = c(P) - c(Q), 
62c(P, Q, W = 0, Q) - c(P, RI + c(Q, W, 
63c(P, Q, R, 9 = cU=, Q, R) - c(P, Q, S) + 0, R, S) - c(Q, R, 0 
(Of course, there is a coboundary operator in all dimensions, but this is all we 
need.) The maps ad are group homomorphisms and satisfy 6*6l= a362 = 0. An 
element of tne kernel ad is a d-cocycle, and an element of the image of ad-’ is a 
d-coboundary. Thus every coboundary is a cocycle, and the dth cohomology 
group Hd(K, A) is to be Ker(6)/Im(Gd-‘). 
Proposition 2.1. Let P be a connected graph graph with the property that any 
induced circuit of length greater than 3 is contained in the neighbourhood of a 
vertex. Then H’(I’, A) = 0 for any abelian group A. 
This is proved, in the case where A is cyclic of order 2, by Cameron and Wells 
[6]; their argument does not use this assumption. 
Proposition 2.2. For each of the following graphs, H1(T’, A) = H2(P, A) = 0 for 
any abelian group A: 
(i) the complete graph K,,, n Z= 4; 
(ii) complete multipartite graphs with n classes, n 2 4; 
(iii) the complements of the square lattice graphs L,(n), n 2 6. 
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Proof (outline). The vanishing of H1 follows from Proposition 2.1. I sketch the 
argument for Hz. We are given a 2-cocycle c, a function on oriented triangles. 
First, extend c to a function on arbitrary oriented induced cycles: if C = 
(8, pi, * f f > P,_J is such a cycle, lying in the neighbourhood of Q, set 
c(C) = CYli c(Q, &, &+I), where P,, = PO, Next, extend c to all oriented cycles, 
by decomposing an arbitrary cycle into induced cycles. The cocycle condition, and 
the abundance of triangles, can be used to show that this procedure is well 
defined. Now take a spanning tree T, and define a 1-cochain b as follows: b 
vanishes on all edges of T; if r $ T, then b(e) = c(C), where C is the unique cycle 
in T U {e}. Then show that c = 6lb, so c is a coboundary. 0 
Remark. A. Pasini (personal communication) has given a general sufficient 
condition for the vanishing of H*, with hypotheses like those of Proposition 2.1 
but much stronger. Pasini’s condition, and its proof, were abstracted from the 
above argument; I am grateful to him for the repair work he did on my earlier 
incorrect version. 
3. Covers 
The theory of covers described here generalizes the connection between 
two-graphs and double covers and complete graphs; see Seidel [12]. 
An m-fold cover of a graph F is a pair (p, p), where F is a graph and p a map 
from VT to VT satisfying: 
(i) for any vertex of P of F, p-‘(P) consists of m non-adjacent vertices; 
(ii) for any edge e of F, p-‘(e) consits of m disjoint edges; 
(iii) for any non-edge {P, Q} of F, p-‘({P, Q}) is a null graph. 
If Tis the point graph of a geometry S, and (r, p) satisfies 
(iv) for any block x of S, p-‘(x) consists of m disjoint complete graphs, 
then we can define a geometry s with point set VF by taking all the complete 
graphs mentioned in (iv) as blocks. In this case s an m-fold cover of S; it has the 
property that p induces an isomorphism from any residue in 3 to its image in S. 
(So, for example, if S is an EGQ(s, t), then so is s.) 
I will only consider algebraic covers, defined ‘synthetically’ as follows. Let A be 
an abeilan group of order m, and a 1-cochain from F to A. Take Vr = CT x A, 
and join (P, a) to (Q, B) w h enever P is joined to Q in F and c(P, Q) = LY - /I. If 
we add a 1-coboundary 6lb to c, the effect is the same as translating the vertices 
above P by b(P) for all P E Vr, and the covering graph is unaffected. So we are 
interested in 1-cochains modulo 1-coboundries. If H’(I’, A) = 0, then l- 
coboundaries are 1-cocycles, and the above quotient is canonically isomorphic to 
the group of 2-coboundaries. If also H*(r, A) = 0, then 2-coboundaries are 
2-cocycles. This establishes the first part of the next result. 
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Proposition 3.1. Let F be a connected graph. A an abelian group with 
H’(F, A) = H2(T’, A) = 0. Then the algebraic covers of F using A are uniquely 
described by 2-cocycles from F to A. The algebraic cover corresponding to the 
2-cocycle c is connected if, for some vertex P of F, the set of values {c(P, Q, R)} 
generates A. Furthermore, if F is the point graph of a geometry S, then the cover 
described by c gives cover of S if and only ifc vanishes identically on each block of 
s. 
Proof. The condition for connectedness follows from the fact that a triangle P&R 
in r lifts to a path from (P, a) to (P, (Y + c(P, Q, R)) in Z. The last sentence 
holds because a cover of a complete graph is trivial, i.e. a disjoint union of 
complete graphs, if and only if the 2-cocycle describing it is zero. 0 
4 Some uniform EGQS 
Example 4.1. Let q = 2d, d 3 2, and let m divide q, m f q. Then there exists an 
EGQ(q - 1, 1) with mq(q + 1) points, which is uniform with (Y = q/m. 
Proof. I begin with a different description of an EGQ constructed in [4]. Let 
C={P,,..., P,,,} be a conic in PG(2, q), PO its nucleus. Let V be the 
underlying vector space V(3, q), P = (vj), and V* the dual space of V. Take as 
point set I x GF(q), where I = (1, . . . , q + l}; for each f E V*, put 
x(f) = {(i, f (Vi)): i E I}. 
It is readily checked that 
(Z x GF(q), {x(f ): f E V*I) 
is a transversal 3-design with A = 1. (This means that any three points with distinct 
projections on I lie in a unique set x(f).) Also, for any fixed and distinct 
a, P E GF(q)> 
(Z x GF(q), {x(f):f E V*,f(v”)= aor P)) 
is an EGQ(q - l), l), which is strongly uniform with a: = q. Its point graph is 
complete multipartite: two points are adjacent if and only if they have distinct 
projections on 1. Without loss of generality, we take ((u, p) = (0, 1). (Note: thus 
far, we could take any (q + 2)-arc in place of {P,, . . . , Pg+,}.) 
Now let U be a subgroup of GF(q)+ containing 0 and 1 and having index m, 
and set A = GF(q)+/U. We construct a 2-cocycle over A as follows. Take three 
points P, Q, R, with distinct projections on I. As noted above, there is a unique 
f E V* such that x(f) contains P, Q and R; define c(P, Q, R) = f(v,J mod U. 
Since A is an elementary abelian 2-group, c is alternating (that is, a cochain). 
Since 0, 1 E U, c vanishes identically on blocks of the EGQ S. We must show that 
c is a cocycle. 
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For this, let the conic have equation xz = y2; changing the notation, set 
U, = (1, 0, 0) and u, = (2, cu, 1) for CY E GF(q); the nucleus is (0, l,O). Let P, Q, 
R be three points. There are two possibilities: 
(i) P = (w, s), Q = (a, 0, R = (B, u), say. 
Then f satisfies f(1, 0, 0) = S, f(a2, a; 1) = t, f(P2, p, 1) = U. A short calculation 
shows that 
f(O, 1,O) = (a + p)s + 3 ) 
(ii) P = (a, t), Q = (P, u), R = (y, v). 
Now we have f(a2, CX, 1) = 1, f(P2, /3, 1) = u, f(y”, y, 1) = u, and so 
HO, 1, 0) = 
t(/3 + y)2 + u(y + (r)’ + v(cx + p)’ 
A 
where A = (/3 + y)(y + a)((~ + 6). 
Now take four mutually adjacent points P, Q, R, S, and calculate 
a3c(P, Q, R, S). Again there are two cases; in either case, the result is 0. (In the 
case where the points are ( “,s), (a, 9, (B, u) and (y, u), we have 
b3c=(a+&+=f u+v v+t 
a+P 
+(P+Y)s+py+(Y+4S+Y+Ly 
+ t(P + y)2+ u(y + a)” + v(m + py 
A 
The coefficient of s is 
(a + P) + (P + Y> + (Y + a) = 0; 
that of t is 
1 1 P+r - - 
Cx+/?+y+(Y+(a+/3)(Y+cu) 
= 0. 
So we have a cocycle and hence a cover. It clearly satisfies the condition for r 
to be connected. It remains to show uniformity. 
The covering graph r is antipodal with classes of size m. The geometry has 
2mq2 blocks, of which 2q conain P, and 2(m - 1)q contain a point antipodal to P 
(and hence no neighbour of P). Of the remaining 2mq(q - 1) blocks, let ti 
contain i neighbours of P. Then 
C iti = 4’ .2(q - l), 
2 i(i - l)tj = q2 * ((q - 1)qlm - 2(q - 1)) - 2. 
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(Note that F has valency q2; the subgraph on the neighbours of P has valency 
(q - l)q/m, of which 2(q - 1) is accounted for by blocks of the residue of P.) 
Hence 
c (i - q/m)2ti = 0, 
whence ti = 0 for i f q/m, and the result holds. 
Remark. For q = 4, m = 2, this is one of the 40-point examples of Blokhius and 
Brouwer [2] (the more regular one). 
Example 4.2. For q an odd prime power and any m which divides $(q + l), there 
is an EGQ(q - 1, q + 1) with m(q3 + 1) points, which is uniform with IX = 
(q + 1)/m. 
Proof. We produce an m-fold cover of the one point extension of AS(q) 
constructed by Thas [14]. First, we describe the base EGQ. Let H be the classical 
unital in PG(2, 4’). Hijlz [8] showed that it is the point set of a 2-(q3 + 1, q + 
1, q + 2) design, whose blocks are of two types: 
(a) nonsingular lines (secant lines of H); 
(b) sets H II D, where D is a Baer subplane with the property that the tangent 
line to H at each point of H rl D is a line of D. Moreover, PTU(3, q) acts 
transitively on the blocks of each type. Thas [14] showed that Holz’s design is a 
one-point extension of the generalized quadrangle AS(q) of Ahrens and Szekeres 
[l], of order (q - 1, q + 1). 
We construct a cocycle by generalizing slightly Taylor’s construction [13] of a 
regular two-graph on H admitting PTU(2, q). Let b be a Hermitian form on 
V(3, q3) defining H; let U be a subgroup of index m in GF(q2)X, and 
A = GF(q2)“/U. Now define 
c((u>, (v>, (w)) = b(u, u)b(v, w)b(w, u) mod u. 
It is clear that changing b (by a factor in GF(q)X) does not affect c, since 
GF(q)” < 17; moreover, replacing u by pu multiplies c by pq+l, which again does 
not change it. Furthermore, c is unaltered by cyclic shifts of its arguments, while 
reversal replaces it by 15 = cq = c-i mod U. So c is a cochain. It is visibly a 
coboundary (of b), and hence a cocycle; and it yields a connected cover. 
We must show that c vanishes on any block of the geometry S. By transitivity, 
it suffices to consider one block of each type; and, since the stabilizer of a block is 
2-transitive on it, we need only look at triples containing two specified points. 
Following Thas, we use the form x1& + z1X2 - 2y&, and the points (0, 0,l) and 
(l,O, 0). Then (see [14]), 
{(I, 0, 0)) U {((u’, a, I): cx E GF(q)] 
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is a type (b) block, while 
{(LO, 0)) u {(BY 0, 1): B + B” = 0) 
is the unique type (a) block through the points. Taking u = (0, 0, l), u = (1, 0, 0), 
and w = (c?, a; 1) or (/3, 0, l), we see that c(u, u, W) = 1 in either case. (For the 
second case, c(u, u, W) = /3 mod U; but /Y-’ = -1, so p2(q-1) = 1, and p E U.) 
Thus we have a cover of AS(q), and hence an EGQ(q - 1, q + 1) with 
m(q’ + 1) points. The uniformity is proved as in Example 4.1. 0 
Remark. The case m = 2 (which requires q = - 1 (mod 4)) is relevant to results in 
[5]. It is shown there that a uniform EGQ(s, t) with (Y > i(s + 2) has a diameter 2; 
the above examples show that the bound on CY is best possible. It is also shown 
that a uniform EGQ(s, t) with either (Y > s or cx = s > 2 is strongly uniform; our 
examples limit the extent to which the hypothesis could be weakened. 
Example 4.3. The three one-point extension of GQs with s = 2 all have uniform 
double covers with LX = 2. 
(These extensions have 20, 32 and 56 points, with t = 1, 2, 4 respectively; the 
third also occurs under Example 4.2.) 
Proof. In each case, the function mapping a triple to 0 if it lies in a block, 1 
otherwise, is a well-known two-graph (i.e. a 2-cycle to the group of order 2); the 
resulting 2-fold cover clearly has the property that any three pair-wise adjacent 
points lie in a block. 0 
Example 4.4 There is a uniform EGQ(4, 1) with 72 points and o = 2. 
Proof. This one is a double cover of the 36-point EGQ(4,l) constructed as 
follows: the point set is S x S, where S = PG(l, 5), and the blocks are the graphs 
of permutations in PSL(2,5). Take c to map a triple of points to 0 if it is 
contained in a block, 1 otherwise. To show that this is a 2-cocycle, use the fact 
that PSL(2,5) has two orbits on triples, and any 4-set contains exactly two triples 
from each orbit. Then, given any two ordered 4-tuples, an even number of the 
induced bijections on triples extend to elements of PSL(2,5). So we have a 
cocycle, and hence a uniform double cover, for the same reason as in Example 
4.3. cl 
5. Some distance-regular graphs 
The EGQs of Example 4.2 have point graphs which are distance-regular covers 
of complete graphs. In this section, I reformulate the construction in a more 
90 P. J. Cameron 
general form, which also includes some examples due to Mathon [9], and cast into 
this form by Neumaier [lo] and Brouwer (personal communication) (see [3]). 
Let V be a vector space over the field GF(q) carrying a nondegenerate 
symplectic, quadratic or Hermitian form of Witt index 1. Let b denote the 
appropriate sesquilinear form. (In the quadratic case, b is obtained by polariza- 
tion.) Let H be a subgroup of G = GF(q)” of index m. Form a graph r as 
follows. The vertices of r are the H-orbits on isotropic or singular vectors; join 
vH to wH if and only if b(v, w) = 1. 
The G-orbits on isotropic or singular vectors are the l-dimensional subspaces, 
or projective points. Each is the union of m orbits of H. Since the Witt index is 1, 
any two independent isotropic or singular vectors are nonperpendicular. So r is a 
(possibly directed) m-fold cover of a complete graph. (In fact, r is automatically 
undirected in all cases except the symplectic.) I exclude the quadratic and 
Hermitian cases with dim(V) = 2, where r is the disjoint union of m cliques. I 
also exclude the case m = 2, where the results are well known and slightly 
different (see Biggs [3], Seidel [12], Taylor [13]). 
Proposition 5.1. With the above notation, and excluding the cases where m = 2 or 
where V is quadratic or Hermitian of dimension 2, the graph r is distance-regular 
(antipodal of d’ tameter 3) precisely under the following conditions: 
(i) symplectic, dim(V) = 2: if q is odd then m divides i(q - 1); 
(ii) quadratic, dim(V) = 3: if q is odd then m is odd; 
(iii) quadratic, dim(V) = 4: no condition ; 
(iv) Hermitian, dim(V) = 3: if q is even then m divides r + 1, while if q is odd 
then m divides 3(r + l), where q = r2. 
The number of antipodal classes is q + 1, q + 1, q2+ 1, r3 + 1 =ql+ 1 
respectively in the four cases, while m divides q - 1 in ail cases. 
Remarks. (1) This construction, in the symplectic case, is due to Neumaier [lo]: 
see Biggs [3]. 
(2) In all cases except the 3-dimensional Hermitian, the parameters of the 
graphs are ‘standard’ in the sense of Biggs [3], and hence known (Mathon [9]). I 
do not know whether graphs with the same parameters constructed from different 
forms are isomorphic or not. 
(3) In the 3-dimensional Hermitian case, the parameters are ‘sporadic’ and the 
Krein bound is attained (Biggs [3]). In the notation of Biggs, the graphs are 
(m.&+&., with k = q3, c = (r - l)(r + l)‘/m, where q = r2. For q odd, these are 
the point graphs of Examples 4.2. 
(4) The isometry group of the form acts as an automorphism group of the 
graph, and is transitive on vertices and on ordered edges. Field automorphisms 
also act on the graph. Together these generate a group which acts distance- 
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transitively if and only if the group of field automorphisms acts transitively on the 
vertices antipodal to a hxed vertex. This holds if and only if m is prime and p (the 
characteristic of GF(q)) is primitive root mod m. 
Proof. Let the first two basis vectors of V be isotropic or singular vectors with 
inner product 1. Write vectors in V in the form v = (x, y, z), where x, y E GF(q) 
and z belongs to a space V’ with dim(V’) = dim(V) - 2 carrying an anisotropic 
form b’. Then 
where E = -1 in the symplectic case and 1 otherwise, and the field automorphism 
x I+_? has order 2 in the Hermitian case and 1 otherwise. In the quadratic case, 
the quadratic form Q satisfies Q(v) = xy + Q’(z), where Q’ has no nonzero 
singular points. 
The remarks before the theorem show that, to establish distance-regularity, it is 
necessary and sufficient to ensure that the graph is undirected (in the symplectic 
case) and that the number of common neighbours of two independent points viH 
and v,H depends only on whether or not b(vi, u2) E H. Moreover, the 
parameters are ‘standard’ if and only if this number is constant. Using isometries 
of the form, we can take zll = (1, 0, 0) and u2 = (0, CL, 0). Then the question 
becomes: how many choices of X, y, z satisfying x E H, py E H, XJ + ~.fy + 
b’(z, z) = 0 (or xy + Q’(z) = O)? Th’ is number if IHI times the number of pairs u, 
z with u E p-‘H satisfying u + EU + b’(z, z) = 0 (or u + Q’(z) = 0). Now we have 
to separate cases. 
Symplectic: Here dim(V) = 2 and z is absent. To make the graph undirected, 
we require that -1 E H, that is, if q is odd then IHJ is even, or m divides ;(q - 1). 
Now u - u = 0 is always true; so there are IHI* choices of u, independent of y. 
Quadratic: If dim(V) = 3, then we can take V = GF(q) and Q’(z) = z*. If q is 
even, then z* = --u has a unique solution z for any nonzero u. Let q be odd. If m 
is odd, then half of the elements of each coset are squares, and have two square 
roots each. If m is even, then half of the cosets contain no squares, and the 
equation has no solution for their negatives; since m > 2 by assumption, the graph 
is not distance-regular. 
If dim(V) = 4, we can take V = GF(q2), Q’(z) = N(Z), where N is the norm 
from GF(q2) to GF(q). Then, for every non-zero element u of GF(q), there are 
q + 1 solutions of N(z) = -u, and the result follows. 
Hermitiun: Here dim(V) = 3 and b ‘(zl, z2) = z1Z2. If u + U + zt = 0, then 
N(z) = -Tr(u) E GF(r), w h ere N and Tr are the norm and trace from GF(q) to 
GF(r), q = r2. The number of solutions for z of N(z) = c is 1 if c = 0, r + 1 if c is a 
nonzero element of GF(r). So the graph is distance-regular if and only if 
{u: Tr(u) = 0} . 1s contained in H. But Tr(u) = 0 if and only if u + ZAP =0, that is, 
U r-1 = -1; so the necessary and sufficient condition is as claimed. 0 
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